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Example: Three friends and phone calls : Petri net
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Net and its language : Another example

r1 s1

r2 r3 s2 s3

a a

b c d e

1-bounded and labelled with Σ = {a, b, c, d , e, f }
Initial marking {r1, s1}
Final markings G = {{r1, s1}, {r2, s2}} [Pet76].

Language (a(bd + db) + a(ce + ec))∗(ε + a) [Jan87].

Can we write this in terms of its components?
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Free choice net
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Figure: Free Choice Net

p1

p2 p3

p4

p5

ab

Figure: Non free choice net

If two transitions share a pre-place then their sets of pre-places are equal.
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Free choice net and its S-decomposition
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Figure: Free Choice Net
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Figure: S-cover of the net

Σ = (Σ1 = {a, b, c},Σ2 = {a, d , e})
Distributed alphabet over locations Loc = {1, 2}.
S-cover respects distribution.
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Automata over distributed alphabet–01

A1 with G1 = {r1, r2} over Σ1.

A2 with G2 = {s1, s2} over Σ2.

A = (A1,A2) over Σ = (Σ1,Σ2)
with
⇒ : global transitions, and
G : Final states.

possible product transitions
T = Πi∈loc(a) →i

a

possible product final states
G = Πi∈LocGi

r1 s1

r2 r3 s2 s3

a a a a

b c d e

Figure: A = (A1,A2) over Σ
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Automata over distributed alphabet–02

1 Direct products (DP): ⇒= T , G = G
2 Synchronous products : ⇒= T , G ⊆ G
3 Zielonka automata with PAC: ⇒⊆ T , G = G
4 Zielonka automata: ⇒⊆ T , G ⊆ G
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Direct product

r1 s1

r2 r3 s2 s3

a a a a

b c d e

1 G = {(r1, s1), (r1, s2), (r2, s1), (r2, s2)}.
2 T = {(a, a), (a, a), (a, a), (a, a)}.
3 Choose: G = G.

4 And ⇒= T .

5 DP : r∗[ε + a + a(b + c) + a(d + e)] where
r = (a(bd + db) + a(be + eb) + a(cd + dc) + a(ce + ec)).
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Synchronous product

r1 s1

r2 r3 s2 s3

a a a a

b c d e

1 G = {(r1, s1), (r1, s2), (r2, s1), (r2, s2)}.
2 T = {(a, a), (a, a), (a, a), (a, a)}.
3 Choose: G = {(r1, s1), (r2, s2)} ⊆ G.

4 And ⇒= T .

5 SP : r∗[ε + a] where
r = (a(bd + db) + a(be + eb) + a(cd + dc) + a(ce + ec)).
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Zielonka Automata (ZA)

r1 s1

r2 r3 s2 s3

a a a a

b c d e

1 G = {(r1, s1), (r1, s2), (r2, s1), (r2, s2)}.
2 T = {(a, a), (a, a), (a, a), (a, a)}.
3 Choose: G = {(r1, s1), (r2, s2)} ⊆ G.

4 And ⇒= {(a, a), (a, a)} ⊆ T .

5 ZA : r∗[ε + a] where r = (a(bd + db) + a(ce + ec)).
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ZA with Product Acceptance

r1 s1

r2 r3 s2 s3

a a a a

b c d e

1 G = {(r1, s1), (r1, s2), (r2, s1), (r2, s2)}.
2 T = {(a, a), (a, a), (a, a), (a, a)}.
3 We have chosen : G = G
4 And ⇒= {(a, a), (a, a)} ⊆ T .

5 ZA with PAC : r∗[ε + a + ab + ad ] where
r = (a(bd + db) + a(ce + ec)).
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Automata over distributed alphabet–03

Lemma ([Muk11])

A language is accepted by synchronous product iff it can be expressed as
union of direct product languages.

Lemma ([Pha18])

A language is accepted by Zielonka automaton iff it can be expressed as
union of ZA with product acceptance condition languages.

DP

SP ZA with PAC

ZA

Figure: A = (A1,A2) over Σ
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Properties of Zielonka Automaton: Capturing free choice

[Pha16] Same source property: If any two global moves share a pre-state
then their sets of pre-states are same.

r1 s1

r2 r3 s2 s3

a a

b c d e

Figure: Free Choice Net

r1 s1

r2 r3 s2 s3

a a a a

b c d e

Figure: ZA with same source

Ramchandra Phawade (IIT Dharwad) Free Choice Nets over Distributed Alphabets
July 20, 2018 (With Kamal Lodaya) FM Update Meeting 2018, BITS Pilani, Goa Campus 13

/ 47



Equivalence of Nets and Zielonka automaton

1 Union of all local states is set of places of net

2 Initial state of ZA maps to Initial marking

3 Final states of ZA map to Final markings of net

4 Global transitions of ZA map to transitions of net

5 Same Source Property of ZA maps to Free choice property of nets.

6 product acceptance condition of ZA maps to product condition on
final markings of net. [Pha16]

7 Subset acceptance condition of ZA maps to final markings of nets
need not satisfy product condition.
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Direct products to Free choice?

1start

2

aa

3start

a

1

3

2

a

a
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Properties of Direct products -01

Definition (matching)

For global a ∈ Σ, an a-matching is a subset of tuples Πi∈loc(a)Pi , such
that if a place p appears in a tuple, it does not appear in another tuple.
And
each pre-place with outgoing local a-moves appear in a tuple of matching.

r1 s1

r2 r3 s2 s3

a a a a

b c d e

Figure: A = (A1,A2) over Σ
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Properties of Direct products -02

Definition (conflict-equivalent matching, [PL14])

We call a matching conflict-equivalent, if whenever p, p′ are related by
the matching, they are conflict-equivalent.

p1

p2 p3

ba

s1 = a + b

p4

p3 p5

cb

s1 = b + c
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Properties of Direct products -03

Definition (consistency with matching)

A product state R is in an a-matching if its projection R↓loc(a) is in
the matching.

A run of A is said to be consistent with a matching of labels if for
all global actions a and every prefix of the run R0 v⇒R

a⇒Q, the
pre-places R↓loc(a) are in the matching.

If R
a⇒Q

then
pre-places of a-labelled product move should be in matching relation.
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Direct product with matching : Example

matching(a) = {(r1, s1)}
conflict-equivalent matching

consistency with matching

possible product transitions T = Πi∈loc(a) →i
a

possible product final states G = Πi∈LocGi

r1 s1

r2 r3 s2 s3

a a a a

b c d e

Figure: A = (A1,A2) over Σ
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Direct product representable free choice nets–01

Definition (Distributed choice [PL14])

For each cluster the set of post-configurations of a-labelled transitions is
same as the product of sets formed by projecting post-states of a-labelled
transitions over locations of a.

{(r2, s2), (r2, s3), (r3, s2), (r3, s3)} = {r2, r3} × {s2, s3}
r1 s1

r2 r3 s2 s3

a a a a

b c d e

Figure: Free Choice Net with distributed choice
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Direct product representable free choice nets–02

r1 s1

r2
r3

s2
s3

a a a a a a a a

b c d e

1 Final states of DP map to Final markings of net

2 Global transitions of DP to transitions of net

3 Conflict-equivalent matchings maps to Free choice property of nets.

4 product acceptance condition of DP maps to product condition on
final markings of net. [Pha16].

5 Subset acceptance condition of DP maps to final markings of nets
which may not satisfy product condition [Pha18].

Ramchandra Phawade (IIT Dharwad) Free Choice Nets over Distributed Alphabets
July 20, 2018 (With Kamal Lodaya) FM Update Meeting 2018, BITS Pilani, Goa Campus 21

/ 47



Direct product representable free choice nets–02

r1 s1

r2
r3

s2
s3

a a a a a a a a

b c d e

1 Final states of DP map to Final markings of net

2 Global transitions of DP to transitions of net

3 Conflict-equivalent matchings maps to Free choice property of nets.

4 product acceptance condition of DP maps to product condition on
final markings of net. [Pha16].

5 Subset acceptance condition of DP maps to final markings of nets
which may not satisfy product condition [Pha18].

Ramchandra Phawade (IIT Dharwad) Free Choice Nets over Distributed Alphabets
July 20, 2018 (With Kamal Lodaya) FM Update Meeting 2018, BITS Pilani, Goa Campus 21

/ 47



Direct product representable free choice nets–02

r1 s1

r2
r3

s2
s3

a a a a a a a a

b c d e

1 Final states of DP map to Final markings of net

2 Global transitions of DP to transitions of net

3 Conflict-equivalent matchings maps to Free choice property of nets.

4 product acceptance condition of DP maps to product condition on
final markings of net. [Pha16].

5 Subset acceptance condition of DP maps to final markings of nets
which may not satisfy product condition [Pha18].

Ramchandra Phawade (IIT Dharwad) Free Choice Nets over Distributed Alphabets
July 20, 2018 (With Kamal Lodaya) FM Update Meeting 2018, BITS Pilani, Goa Campus 21

/ 47



Relating matchings of DP and same source of ZA–01

Definition (Product moves property of ZA [Pha18])

For all a-labelled global moves of ZA having same set of pre-states, their
set of post-configurations is same as the product of sets formed by
projecting post-states of a-labelled transitions over locations of a.

Theorem (same source to matchings [Pha18])

Let Σ be a distributed alphabet and A be Zielonka automata with product
moves property.Then we can construct a Direct product B with matchings,
linear the size of A such that,

1 if A has same source then B has conflict-equivalent matchings,

2 in addition, if A is live then B is consistent with matchings, and
Lang(A) = Lang(B).
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2 in addition, if A is live then B is consistent with matchings, and
Lang(A) = Lang(B).
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Relating matchings of DP and same source of ZA–02

The reverse direction....

Theorem (matchings to same source and Product moves [Pha18])

Let Σ be a distributed alphabet.
Let B be a Direct product with conflict equivalent and consistent
matchings.
Then for the language of B we can construct a Zielonka Automata A,
having same source and product moves property.
The constructed Zielonka Automata A is exponential in the size of system
B having matching of labels.

Now, two characterizations for Labelled Free choice nets with distributed
choice.
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Nets and automata so far

DP with matching=FC net, distributed choice, product final markings

SP with matching ZA with same source and PAC

ZA with same source=FC net with L-type Language

In addition, ZA with same source has product moves property then it is
equivalent to SP with matching.
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Recap

1 Hierarchy of Free choice nets labelled over distributed alphabet

2 Two characterizations of FC-nets with distributed choice

3 syntactic characterizations of all four classes (another talk)
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Future work(s)

1 Free choice Asynchronous (Zielonka) automata, does Zielonka’s proof
gets simplified?

2 Logical characterization of free choice nets labelled over distributed
alphabets.

3 Connections of product systems with matchings with negotiations.
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Thank you.
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Antimirov Derivatives

Dera(0) = ∅
Dera(1) = ∅
Dera(b) = {ε} if b = a ∅ otherwise

Dera(s1 + s2) = Dera(s1) ∪ Dera(s2)

Dera(s∗1 ) = Dera(s1) · s∗1

Dera(s1 · s2) =

{
Dera(s1) · s2 ∪ Dera(s2) if ε ∈ Lang(s1)
Dera(s1) · s2 otherwise

}
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